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Abstract A new approach to model upflow anaerobic
sludge bed (UASB)-reactors, referred to as a one-
dimensional dispersed plug flow model, was developed.
This model focusses on the granular sludge dynamics
along the reactor height, based on the balance between
dispersion, sedimentation and convection using one-
dimensional (with regard to reactor height) equations. A
universal description of both the fluid hydrodynamics
and granular sludge dynamics was elaborated by
applying known physical laws and empirical relations
derived from experimental observations. In addition, the
developed model includes: (1) multiple-reaction stoichi-
ometry, (2) microbial growth kinetics, (3) equilibrium
chemistry in the liquid phase, (4) major solid-liquid-gas
interactions, and (5) material balances for dissolved and
solid components along the reactor height. The inte-
grated model has been validated with a set of experi-
mental data on the start-up, operation performance,
sludge dynamics, and solute intermediate concentration
profiles of a UASB reactor treating cheese whey [Yan
et al. (1989) Biol Wastes 27:289–305; Yan et al. (1993)
Biotechnol Bioeng 41:700–706]. A sensitivity analysis of
the model, performed with regard to the seed sludge
characteristics and the key model parameters, showed
that the output of the dispersed plug flow model was
most influenced by the sludge settleability characteristics
and the growth properties (especially lm) of both pro-
tein-degrading bacteria and acetotrophic methanogens.

Keywords Mathematical model Æ Upflow anaerobic
sludge bed reactor Æ Dispersion Æ Plug flow Æ
Sedimentation

Nomenclature

A Coefficients in empirical equations
AC Ash content of the dry sludge aggregates (%)
b Bacterial (death+lysis) rate coefficient (day�1)
COD Chemical oxygen demand (g)
CS Reactor cross section (dm2)
d Aggregate diameter (dm)
D Dispersion coefficient (dm2 day�1)
g Gravitational acceleration (dm day�2)
H Height of reactor liquid phase
He Henry coefficient [atm dm3 g�1 COD(mol)]
HRT Hydraulic retention time (days)
kLa Mass transfer coefficient (day�1)
KS Monod half velocity constant (g COD dm�3)
M Mass transfer rate to the gas phase [g

COD(mol) dm�3 day�1]
MC Moisture content (%)
n Number of sludge aggregates in the reactor
N Component
OLR Organic loading rate (g COD dm�3 day�1)
p Pressure (atm)
pK pH drop-off value (at which growth rate

=50% of inhibited rate)
q Surface gas production rate (dm3 dm�2 day�1)
Q Gas volumetric flow rate from the reactor

(dm3 day�1)
r Biotransformation rate (g COD dm�3)
S Substrate concentration in liquid phase [g

COD(mol) dm�3]
SLR Sludge loading rate (g COD g�1 VSS day)
SRT Sludge retention time (days)
t Time (days)
T Temperature (K)
TKN Total Kjeldahl nitrogen (g)
TP Total phosphorus (g)
TS Total solids (g)
TSS Total suspended solids (g)
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UASB Upflow anaerobic sludge bed
Vag Volume of one spherical aggregate
VG Volume of reactor gas phase (dm3)
Vm Specific molar volume of gas under given tem-

perature [dm3 g�1 COD(mol)]
VR Volume of reactor liquid phase (dm3)
VFA Volatile fatty acids
VS Volatile solids (g)
VSS Volatile suspended solids (g)
W Terminal vertical velocity (dm day�1)
Ws Settling velocity (dm day�1)
Wup Upward liquid velocity (dm day�1)
X Biomass concentration (g l�1)
Y Bacterial yield (g VSS g�1 COD consumed)
z Distance from the reactor input (dm)

Greek symbols

� Solid hold up (dimensionless)
g Viscosity (g dm�1 day�1)
l Specific growth rate (day�1)
lm Maximum specific growth rate (day�1)
q Density (g dm�3)
w Parameters in the solids dynamics expressions

Subscripts and superscripts

0 Influent
* Undissociated form
ag aggregate
G Gas
I Substrate I
j Bacteria j
L Liquid
sl Sludge
tot Total

Introduction

The upflow anaerobic sludge bed (UASB) reactor [20]
is currently the most popular reactor design for high
rate anaerobic treatment of industrial wastewater [19].
The success of this reactor concept is based mainly on
the ability of anaerobic bacteria to form dense
aggregates by autoimmobilisation. As these aggregates
have much higher settling velocities (20–80 m h�1)
than the applied upflow velocities (Wup=0.1–1 m h�1),
high biomass concentrations can accumulate in the
reactor. Thus, high sludge loading rates (SLR up to
5 g COD g�1 VSS�1 day�1) can be applied at rela-
tively short hydraulic retention times (HRT less than
4 h).

With respect to the concentration of the aggregates
along the reactor height, three zones are usually distin-
guished inside a UASB reactor: (1) a dense sludge bed
consisting of biomass aggregates in the bottom section,
(2) a sludge blanket containing finely suspended flocs or
aggregates, and (3) a zone of clarified water containing
almost no solids in the internal settler. This heteroge-
neous sludge distribution along the height of the UASB
reactor excludes the application of the majority of the
numerous mathematical models developed for com-
pletely mixed anaerobic digestion systems, as these
models assume a homogeneous biomass distribution and
hydrodynamic pattern within the reactor.

In some models, the heterogeneous hydrodynamic
pattern of a UASB reactor has been described by
dividing its total volume into two or more compart-
ments. Each of these compartments is assumed to have
ideal attributes (such as ideal mixing or plug flow), and
they are linked with each other by bypassing and back
mixing flows [3, 10, 11, 36]. These multi-compartment
models are generally capable of fitting experimental data
quite satisfactorily for UASB reactors operating under
steady-state conditions. However, the calibration of
these models relies on detailed experimental tracer
studies to determine the volume fraction of each com-
partment and the degree of bypass flow for each regime
modelled. Moreover, many of these tracer studies deal
only with short-term impulse loadings of a soluble tracer
under steady-state conditions and thus neglect the
dynamics of solid components (e.g. granules migrating
between different compartments). Unsteady state con-
ditions (e.g. during start-up of the UASB reactor or
overloading) as well as granular sludge dynamics inside
the reactor are the most critical points of multi-com-
partment models, which hamper their application for
real-time control strategies.

A continuous description of solids dynamics along
the reactor height has been developed for three-phase
fluidised bed systems [7, 13, 39]. Although there are
clear differences between UASB (Wup=0.1–1 m h�1,
no carrier) and fluidised bed reactors (Wup up to
20 m h�1, sandy material as carrier), these approaches
can also be used to describe the multiple solid-liquid-
gas interactions that take place in UASB reactors. In
biochemical and environmental engineering, modelling
efforts for biological fluidised-bed reactors have been
directed mainly towards description of reactor hydro-
dynamics [4, 8, 35], whereas description of sludge
dynamics has hardly been addressed. In chemical
engineering, however, mathematical models that de-
scribe accurately the solids dynamics in fluidised bed
reactors have been developed [28, 34]. A straightfor-
ward application of the solids dynamics ideology
proposed for chemical fluidised-bed reactors to the
modelling of UASB reactors is practically impossible
because of the extreme complexity of the mathematical
methods used (e.g. numerous non-linear equations
with partial derivatives) and the different time scale of
the physical (very quick) and biological (relatively
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slow) processes in UASB reactors. Despite these lim-
itations, adoption of some ideas from solid dynamics
in chemical three-phase fluidised bed reactors can
contribute significantly to a more accurate modelling
of the performance of UASB reactors.

The objective of the present work was to develop an
integrated mathematical model for the UASB reactor
concept, combining granular sludge dynamics, solid-li-
quid-gas interactions and hydrodynamics, with biologi-
cal conversions (multiple reaction stoichiometry,
microbial growth kinetics) and liquid phase equilibrium
chemistry. The integrated model was subsequently vali-
dated with existing experimental data on the start-up
and operational performance of UASB reactors. Finally,
a sensitivity analysis of the key model parameters was
performed.

Model postulates and development for granular sludge
dynamics and hydrodynamics

In the present model, all processes (physical, chemical
and microbiological) inside the reactor are considered to
depend only on the vertical axis of the reactor (distance z
from input, z varies from 0 to H) and time t. Thus, all
the process characteristics in a fixed reactor cross-section
CSz are assumed to be uniform. In general, the space
distribution of the concentration of any component N
(soluble or suspended) along the reactor height z can be
expressed on the basis of the dispersed plug flow concept
[21] using the following equation:

@

@t
Nðz; tÞ ¼ @

@z
Dðz; tÞ � @

@z
Nðz; tÞ

� �
� @

@z
½W ðz; tÞ � Nðz; tÞ�

þ rðz; tÞ �Mðz; tÞ
ð1Þ

The first term in the right part of Eq. 1 characterises
the degree of mixing by gas-induced dispersion. The
second term determines a convective transport of com-
ponent N in the vertical direction. The third and fourth
terms are the net biotransformation rate and transfer
rate to the gas phase for component N, respectively. The
boundary conditions for Eq. 1 follow from the rela-
tionship between the internal mass transfer given by
Fick’s first law and external mass transfer given by
Newton’s law [see 23]:

Dð0; tÞ � @
@z

Nð0; tÞ ¼ W ð0; tÞ � ½Nð0; tÞ � N0� ð2Þ

DðH ; tÞ � @
@z

NðH ; tÞ ¼ 0 ð3Þ

The specification of Eq. 1 for solid, soluble and gas-
eous components of the UASB reactor as well as the
assumptions introduced to enable the numerical solution
of Eq. 1 are considered below.

Solid components

In the case of wastewaters containing only soluble sub-
strates, the solids in the reactor consist only of sludge
aggregates (granules or flocs) containing active biomass
of different bacterial groups and biologically inactive
VSS. The main bottleneck in the application of Eq. 1 for
granular sludge is the derivation of a mathematical
expression for the vertical velocity W(z, t) and the dis-
persion coefficient D(z, t) of the sludge aggregates.

Vertical velocity of granular sludge

In general, the value of W(z, t) for any component N is
determined by the balance between the upward velocity
Wup(z, t) and the apparent settling velocity Ws(z, t):

W ðz; tÞ ¼ Wupðz; tÞ � Wsðz; tÞ ð4Þ

Under negligible solid hold-up, the upward velocity
can be approximated to:

Wup ¼
VR

HRT � CS ð5Þ

The expression for Ws(z, t) for sludge solids can be
derived from the Stokes law under Re<2, the region in
which UASB reactors usually operate [33]:

Wsðz; tÞ ¼
½W1 � qagðtÞ � qL� � g � d2

agðtÞ
18 � gðz; tÞ ð6Þ

where w1 represents the influence of gas entrapment and
attachment on the apparent aggregate density. It should
be noted that Ws(z, t) in Eq. 6 represents the average
velocity of the sludge solids in a cross-section CSz along
the z-axis. Thus, Ws(z, t) is clearly different from the
usually measured instantaneous settling velocity of
unfed and degassed aggregates [1]. There are some
problems in calculating the settling velocity for suspen-
sions with high solid concentrations, e.g. granular sludge
suspensions in UASB reactors, because they behave as
non-Newtonian liquids. These suspensions are often
referred to as pseudo-Newtonian liquids and several
empirical formulas to calculate their viscosity are avail-
able in engineering practice [7]. The formula used in our
model is directly taken from Darton’s review [7]:

gðz; tÞ ¼ gL exp½A1eðz; tÞ2:5� ð7Þ

The solid hold up e(z, t) given in Eq. 7 can be cal-
culated from its physical definition:

eðz; tÞ ¼ VSStotðz; tÞ
1� ACag

100

� �
� 1� MCag

100

� �
� qagðtÞ

ð8Þ

Besides the liquid viscosity, the expression forWs(z, t)
in Eq. 6 also includes the time dependency of the
aggregates density qag(t) and their average diameter
dag(t). Since the granule density usually does not vary
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significantly during an experimental run with a single
type of wastewater [1, 12, 27], the aggregate density is
assumed to be constant in the current version of the
model. Additionally, aggregates were assumed to have a
spherical form and the same (but variable with time)
diameter within the entire reactor (see below). These
simplifying assumptions were introduced to make the
model workable, although they do not completely reflect
reality. Extension of these assumptions to more realistic
conditions (e.g. introduction of the size distribution of
the sludge, variable density with time) will be the next
step in the development of this modelling concept.

The average granule diameter was found to have a
positive relationship with the sludge loading rate [1, 24]
and the influent concentration [9]. Both parameters are
often related, and determine substrate penetration depth
and thus, indirectly, aggregate size. Since it is rather
problematic to formalise the observed dependencies be-
tween the average aggregate diameter and the factors
mentioned above, a more simple relation dealing with
the net sludge growth/decay [5] was used in the model:

d½dagðtÞ�
dt

¼ 2

p � d2
agðtÞ

� dVag

dt

¼ w2
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2
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agðtÞ

�
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0

P
j ðljðz; tÞ � bjÞ � Xjðz; tÞ

h i
�CS � dz

1� ACag

100

� �
� 1� MCag

100

� �
� qagðtÞ

ð9Þ

This equation is derived from the evident link be-
tween the diameter and the volume of a spherical sludge
aggregate. The function n(t) is the number of aggregates
in the reactor, whereas the parameter w2 aims to account
for additional changes in the average granule diameter
due to aggregation/disaggregation processes. The num-
ber of aggregates in the reactor can be expressed by
dividing the total sludge volume (Vsl) by the ‘‘average’’
volume of one aggregate (Vag):

nðtÞ ¼ Vsl

Vag
¼ VSSR(t)

1� ACag

100

� �
� 1� MCag

100

� �
� qagðtÞ

� 6

p � d3
agðtÞ

ð10Þ

Substituting Eq. 10 into Eq. 9, one obtains:

d½dagðtÞ�
dt

¼ w2 �
dag
3

�

RH
0

P
j
ðljðz; tÞ � bjÞ � Xjðz; tÞ

" #
�CS � dz

VSSR(t)
ð11Þ

Although Eq. 11 is an oversimplification of the real
situation, it is a reasonable empirical relation, which
overcomes the lack of more mechanistic expressions.

Dispersion of granular sludge

A formulation for D(z, t) in the blanket zone of UASB
reactors was proposed by Narnoli and Mehrotra [26] on
the basis of the so-called diffusion concept:

Dðz; tÞ ¼ A2 � qðz; tÞ � 1� exp � A3

qðz; tÞ

� �� �� �2
ð12Þ

This expression has been found to be valid on the basis
of experimental observations available in the literature on
solids concentrations in the sludge blanket zone of UASB
reactors. It should be noted that Eq. 12 is similar to sev-
eral expressions proposed earlier for the calculation of the
dispersion coefficients in three-phase fluidised beds reac-
tors [7]. In all these formulations, the value of D(z, t) is
highly dependent on the surface gas production q(z, t). In
our model, Eq. 12 was used to describe the dispersion of
solids throughout the reactor height.

Soluble components

For fluidised bed systems, the formula for the calcula-
tion of the dispersion coefficients D(z, t) of solutes was
shown not to differ principally from the dispersion
coefficients of the suspended solids [7] due to the phys-
ical link between solids and liquid dispersion. Therefore,
Eq. 12 was used in the model for the description of
solute dispersion coefficients throughout the reactor
height. Due to the negligible settling velocity of solutes,
the upward velocity Wup (Eq. 5) exclusively determines
their vertical velocity.

Gaseous components

Although anaerobic reactors have a gas hold up, it is
usually relatively low, e.g. varying between 0.01 and 0.05
of the reactor volume depending on the surface gas
production [4]. To avoid excessive intricacy, the gas hold
up is neglected in the current version of the model, ex-
cept for its influence on the apparent density of sludge
aggregates (parameter w1, see Eq. 6). The gaseous
components (methane, hydrogen, carbon dioxide and
ammonia) are treated in the model as solutes, taking into
account their transfer to the gas phase, which is con-
sidered as an ideally mixed medium. Studies on bubble
columns have shown that the mass transfer coefficient
kLa depends mainly on the surface gas production q(z,
t), and various formulations have been proposed [7, 39]
for the description of this dependency. The following
formula was used in the present model to describe the
mass-transfer coefficients of components from the liquid
to gas phase [39]:

kLaðz; tÞ ¼ A4 �
qðz; tÞ

A5

� �A6

ð13Þ
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Integration of biological and chemical building blocks
into the model

Biotransformation kinetics

The present model simulates the anaerobic treatment of
soluble organic wastewater, which can be represented by
a three-step process: acidogenesis, acetogenesis, and
methanogenesis. Each of these steps is carried out by
separate groups of bacteria. The kinetic description of
biotransformations was adapted from our previous
models [14–17] and is based on the following assump-
tions:

– Each reaction rate is catalysed by the corresponding
bacterial group j. Their growth proceeds according to
Monod kinetics with pH modulation:

lj ¼ lm;j �
Si

KSj þ Si
� F ðpHÞ ð14Þ

F ðpHÞ ¼ 1þ 2� 10�ðpK1,j�pK2,jÞ�0:5

10pK2,j�pH � 10pH - pK1,j
ð15Þ

– All product formations are directly coupled to bac-
terial growth. Substrate consumption for maintenance
is incorporated in the overall biomass yield.

– The processes of bacterial death and cell lysis are
combined and described by first order kinetics via the
parameter b.

– Though diffusion limitation in biomass, aggregates
can vary through the run (because aggregates have a
variable average diameter over time), this effect was
assumed constant in time in the present version of
the model and was incorporated into the kinetic term
via the apparent Ks. Although this assumption sim-
plifies reality, its application is justified to some ex-
tent by the sensitivity analysis, which showed that
the sensitivity of the model to this group of param-
eters is lower in comparison with other parameters
(see below).

Equilibrium chemistry

Since the pH influences microbial kinetics (Eq. 14), the
pH values in any compartment of the reactor liquid
phase were calculated from the equation of electroneu-
trality, which included all the ionised species in this
compartment. The approach used was described previ-
ously [14].

Material balances

Material balances for all the components involved are
generalised in Appendix 1 for gas and liquid phases.

Dispersed plug flow model for UASB reactors

Model equations

The developed sets of equations (Eqs. 1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, and 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29) represent a general form of an inte-
grated structured model of a UASB reactor. This is, to
the best of our knowledge, the first model to combine
solid-liquid-gas interactions, hydrodynamics, liquid
phase equilibrium chemistry, and detailed microbiolog-
ical substrate conversion. Since the internal reactor
dynamics of the components involved are represented by
balances between convection (Eq. 5), sedimentation
(Eq. 6) and dispersion (Eq. 12), the model is called the
dispersed plug flow model for UASB reactors.

Computational methods

Model simulations were performed on an IBM-com-
patible personal computer (processor Pentium-200)
using a program written in Fortran-90. The program
was generalised in such a way that a variable number of
conversion reactions, organisms, components, and sub-
strates, as well as data on the seed sludge, could be
specified through an input file. The program created an
output data file in a format suitable for graphic pro-
cessing in Microsoft Excel.

The overall program contains three main routines for
numerical solution of (1) high degree algebraic equations
by iteration technique [18] for calculation of pH and
concentrations of dissociated species, (2) the system of
first-order differential equations by Runge-Kutta (fourth
order) technique [23] for the calculation of the partial
pressures of gases (Eq. 17), and (3) the system of second-
order differential equations with two point boundary
conditions (Eqs. 21, 22, 23, 24, 25, 26, 27) for calculation
of the reactor height distribution of the component in-
volved. The first two routines were taken from a previ-
ous program [16] with minor modifications. The third
included discretisation of the first- and second-order
derivatives of the system of second-order differential
equations, followed by resolution of the algebraic system
obtained with the iteration technique described by Sa-
marskiy [32].

Model validation

Brief description of case study

Results from an experimental study by Yan et al. [37, 38]
on the treatment of high strength cheese whey in a
UASB reactor were used to validate the integrated
structured model developed above. Salient features of
the experimental protocol used are given in Table 1.
Briefly, the UASB reactor was fed by cheese whey
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diluted in different proportions with a mineral medium
under a constant HRT of 5 days. Start-up and steady-
state performance of the reactor under an OLR increase
from 0.91 to 7.62 g COD dm�3 day�1 were investigated
in detail. The corresponding concentration profiles
(COD, VFA, pH) along the reactor height were thor-
oughly documented. The time schedule of the experi-
mental runs used for the model validation is presented in
Table 2. The specification of our model to this case
study is presented in Appendix 2.

Selection of model parameters and seed sludge
characteristics

The physico-chemical model parameters, e.g. dissocia-
tion constants and Henry constants, were directly
transferred from a previous model [16]. Bacterial
parameters (Table 3) were also adapted from previous
models [14, 16] after minor correction tuning. The
majority of the parameters determining solids dynamics
were directly taken from the literature (Table 4). The
remaining parameters in Table 4 were tuned to fit the
data of Yan et al . [37, 38] using literature analogies
(where possible) as first approximations. The rational
behind these choices is described briefly below.

Since the ash content is a main factor determining
granule density [12], the latter was fixed at 1,026 g dm�3

in the model (Table 4), based on analogy with granules
with a similar ash content reported by Alphenaar [1].
The diameter of granular sludge aggregates varies

between 0.14 and 5 mm [33]. Taking into account that
the seed used had poor settleability [37], the initial
average diameter of the sludge aggregates was taken to
be close to the lower boundary of the above mentioned
interval (Table 4). A rough estimation of a value for w1

can be made using the typical gas hold-up of anaerobic
reactors, namely, 0.01–0.05 [4]. This means that w1 can
vary between 0.95 and 0.99. More fine-tuning leads to
the value listed in Table 4.

Since the seed sludge characteristics were not given in
Yan et al. [37, 38], the initial quantity of the various
bacterial groups involved, as well as inactive VSS, in the
seed sludge (total quantity of VSS inoculated to the
reactor was 86.54 g) was arbitrarily fixed in the model as
follows (g VSS per reactor):

X1 ¼ 0:57; X2 ¼ 0:92; X3 ¼ 4:74; X4 ¼ 8:44; X5

¼ 0:57;VSSinact. ¼ 71:3 ð16Þ

To assess the effect of these assumptions on the final
result of the fit, a sensitivity analysis of the model to its
parameters and the seed sludge characteristics was per-
formed (see below).

Calculation accuracy

The primary problem that arises under numerical inte-
gration of such a complex non-linear system like the set
of equations developed here (Eqs. 1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,

Table 1 Details of the experimental study used in validation of the model [37, 38]

Parameter (dimension)

Reactor design
Working reactor volume (dm3) 14.5
Inner diameter (dm) 1.15
Height of liquid phase (dm) 13.8
Wastewater characteristics
Cheese whey composition (g dm�3) TS 56.6-58.9, VS 45.2–47, COD 64–67, TKN 2.75–3.05, NH4

+-N 0.0028–0.00295, NO3
�-N

0.00045–0.0007, TP 0.338–0.356, VFA 0.066–0.45, pH 4–6
Influent COD (g dm�3) 4.6–38.1
Mineral medium content (g 14 dm�3) NaHCO3 (2.0), K2HPO4 (6.6), NH4Cl (1.0), Fe

3+ (0.04), Mg2+ (0.01)
Influent pH Adjusted to pH 7.0 with NaOH
Operational characteristics
Temperature (�C) 33±1
HRT (days) 5
OLR (g COD dm�3 day�1) 0.91�7.77
Seed sludge 4 L (3% TS, 2.1% VS)a

a67.2 g VSS of the same sludge was added at day 15

Table 2 Time schedule of the
experimental runs [37, 38] used
in the validation of the
dispersed plug flow model

Running period OLR
(g COD dm�3 day�1)

Influent COD
(g COD dm�3)

Run
time (days)

I (0–30 days) 0.91 4.6 30
II (31–58 days) 1.97 9.9 28
III (59–94 days) 3.54 17.7 36
IV (95–125 days) 5.96 28.8 31
V (126–143 days) 7.62 38.1 18
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27, 28, 29) is the accuracy of the algorithm applied.
Since, at each step of numerical integration, at least
minor errors in calculation are always generated due to
the use of discretisation and linearisation procedures,
the resulting cumulative error can be big enough to
produce significant deviations in, for example, the mass
balance of the modelled system. The usual way to min-
imise such problems is to select small integration steps
for the variables z and t. However, integration steps that
are too small lead to an enormous increase in computer
calculation time, which impedes, or can even preclude,
model validation. After some preliminary simulation
trials, a reasonable compromise between accuracy and
calculation time was found for Dt=0.000125 days and
Dz= H/100=0.138 dm. Under these conditions, the
calculation time of a complete reactor run (143 days)
was around 15 h and the deviations of the daily COD
balance never exceeded 8% (Fig. 1a). It should be noted
that such deviations were less than, or around, 2%
throughout almost the complete reactor run, and were
higher only in periods IV–V when the values of the
dispersion coefficient and settling velocity became high
(Fig. 1b, c).

Analysis of model predictions vs the experimental case
study

The results of superimposing experimental data and
model predictions are presented in Figs. 2, 3, 4, 5 and 6.
In general, the predictions agree satisfactorily with the

experimentally recorded data during the start-up period
(Fig. 2) as well as with the reported steady-state per-
formance indicators (Fig. 3) and sludge characteristics
(Fig. 4) under the various OLR applied.

The model slightly overestimates the effluent VSS
during the start-up period (Fig. 2b) and a cumulative
VSS washout during the periods I–IV (Fig. 4b). How-
ever, a satisfactory agreement between the simulations
and the experimental observations was obtained for the
total quantity of VSS in the reactor (Fig. 4a) and the
SLR at the end of each operational period (Fig. 4c). On
the other hand, the model underestimates the steady-
state effluent COD during periods III–V (Fig. 3a) and,
as a result, overestimates the methane production in the
same periods (Fig. 3b). These discrepancies can be
attributed mainly to the simplified description of the
VSS dynamics and, consequently, inaccurate description
of bacterial transport along the reactor height in the
dispersed plug flow model. As stated above, aggregate
transport is governed by dependencies more complex
than those postulated in the model (Eqs. 6, 11, 12). The
dynamics of the factors influencing VSS behaviour in the
model are presented in Fig. 1b,c. It can be seen that the
calculated average sludge diameter gradually increased
throughout the experimental run, resulting in a sub-
stantial increase in the settling velocity (Fig. 1b), which
agrees with the experimental observations of Yan et al.
[37]. It should also be noted that the dispersion coeffi-
cient reacts more sharply than the settling velocity upon
an increase in OLR (Fig. 1b,c). This is because the value
of the dispersion coefficient D is indirectly very sensitive

Table 3 Kinetic parameters of
the different bacterial groups
used in the simulations

Bacterial group lm (day�1) KS (gCOD dm�3) Y (gVSS g�1 COD) b (day�1) p K1 p K2

X1 0.80 0.30 0.050 0.15 4.0 7.25
X2 0.21 0.70 0.022 0.05 4.35 6.9
X3 0.17 0.31 0.020 0.02 5.65 7.5
X4 0.22 0.30 0.021 0.02 5.65 7.5
X5 0.42 0.00048 0.011 0.12 5.65 7.5
Inactive VSS – – – 0.02 – –

Table 4 Parameters determining solids dynamics used in the simulations

Parameter (dimension) Value Reference

A1 (dimensionless) 36.5 Darton [7]
A2 (day

�1) 0.83a Narnoli and Mehrotra [26]
A3 (dm day�1) 132a Narnoli and Mehrotra [26]
A4 (day

�1) 40,348.8a Zhukova [39]
A5 (day dm�1) 864,000 Transfer coefficient for q(z, t) from ms�1 into dm day�1

A6 (dimensionless) 0.82 Zhukova [39]
gL (g dm�1 day�1) 6 921b Rabinovich and Khavin [30]
qL (g dm�3) 997b Rabinovich and Khavin [30]
ACag (%) 30 Yan et al. [37]
MCag (%) 87.5 Bailey and Ollis [2]
qag (g dm�3) 1,026 Extrapolation from Alphenaar [1]
d0 (dm) 0.00155 Extrapolation from Schmidt and Ahring [33]
w1 (dimensionless) 0.9721 This study (fitted)
w2 (dimensionless) 22,500 This study (fitted)

aRecalculated from original data
b30�C
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to the OLR via the surface gas production q (Eq. 20).
Finally, the model predicts the pH values in the effluent
fairly well (Fig. 3c). Minor discrepancies during the first
two periods could be due to the presence of some ionised
components in the raw cheese whey, which are not
considered in the model stoichiometry (Appendix 2).

A satisfactory agreement between model and experi-
ment was also obtained for the COD- and pH-profile
along the reactor height (Figs. 5, 6). The major dis-
crepancies were found at an OLR of 7.62 g
COD dm�3 day�1 for both pH- and COD-profiles
(Figs. 5d, 6e), namely, a prolonged plug-flow region was
experimentally observed in the bottom of the sludge bed
whereas the model predicts this region as more narrow.
The reason might be related to the inadequate descrip-
tion of dispersion at the reactor bottom, i.e. the model

overestimates surface gas production during period V,
which determines the value of the dispersion coefficient
(Eq. 12). Changing the stoichiometric coefficients in
Eqs. 30 and 31 towards decreasing gas production was
an inappropriate measure to obtain a better fit of the
data, because it led to reactor failure (acidification)
during period II (data not shown). It should also be
noted that the reaction products formed during acido-
genesis are very flexible, i.e. different products can be
formed from the same substrate by different microor-
ganisms. Moreover, even the same organism can form
different products depending on the pH [40]. This flexi-
bility in intermediates of the acidogenic step was not
taken into account in the model and could be another
reason for the observed discrepancy in the pH- and
COD-profiles during period V.

Fig. 1 Model simulation of the
evolution as a function of time
of a daily COD balance of the
system, b sludge average
diameter and vertical velocity,
and c dispersion and mass
transfer coefficient in the settler
zone of the reactor. Figures on
the plot area in a represent the
OLR applied (g
COD dm�3 day�1)
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Sensitivity analysis

Considering the large number of variable model
parameters (33 in total) and the rather arbitrary fixation
of the seed sludge characteristics (5 in total), one might
expect significant difficulties in parameter identification.
Thus, it was of primary importance to investigate the
sensitivity of the model to these parameters.

The results of the sensitivity analysis for the seed
sludge characteristics are shown in Fig. 7. With respect
to the microbiological characteristics (Fig. 7a), the
model is most sensitive to the initial concentrations of
the bacterial groups X2 and X4. Moreover, a decrease of
20% in the initial concentration of X4 in the seed leads
to reactor acidification during period II (data not
shown). These results can be interpreted on the basis
that both protein-degrading bacteria X2 (via formation
of VFA and ammonia) and acetotrophic methanogens
X4 (via consumption of acetate) play a key role in the
formation of the reactor pH. The low sensitivity of the
model to the initial concentration of propionate-
degrading bacteria X3 was at first surprising, as propi-
onate accumulation has been often associated with
reactor failure [6]. It becomes understandable when one
takes into account the low impact of the corresponding
conversion reaction (Eq. 32) to the generation of acidity
in the system. The very low sensitivity of the model to
the initial concentration of the lactose-degrading bacte-
ria X1 and hydrogenotrophic methanogens X5 is quite
obvious because both bacteria are relatively fast grow-

ing, and their initial concentrations are quickly altered
after start-up. The sensitivity of the model to the average
aggregate diameter of the seed sludge, especially towards
aggravation, is as expected (Fig. 7b) because it has a
direct influence on sludge settleability during the start-
up period and, consequently, on the treatment efficiency
of a UASB reactor.

The results of the sensitivity analysis for bacterial
parameters are summarised in Fig. 8. In general, the
growth parameters of bacterial groups X2 and X4

(especially lm) are the factors to which the model is
most sensitive (Fig. 8a–c). Hence, determination of
these parameters is of utmost importance for the
application of this model in practice. The sensitivity of
the model to the growth parameters of the remaining
bacterial groups is moderate-to-small, conform the
sensitivity results discussed in the previous paragraph.

Fig. 2 Model vs experiment during start-up period for a total COD
removal and b effluent VSS. Experimental data taken from Yan
et al. [37]

Fig. 3a–c Performance of the UASB reactor operating under
steady-state conditions: model vs experimental data of Yan et al.
[37]. a Effluent COD, b methane production, c pH
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The very low sensitivity of the model to the decay/lysis
coefficients (data not shown) is a priori predictable due
to the relative slowness of decay processes in compari-
son with sludge growth and wash-out under mesophilic
conditions [29]. The enormous sensitivity of the model
to the lower drop-off value pK (50% inhibition of
growth rate) of acetotrophic methanogens (Fig. 8d) is
also not surprising taking into account the primary role
of these bacteria in resistance of the reactor against
acidification.

Since both the w-parameters directly influence the
reactor solids dynamics, the corresponding sensitivity
analysis is better illustrated by the dynamics of total VSS
in the reactor (Fig. 9). The 20% decrease in both
parameters [w1

. qag-qL] (Fig. 9a) and w2 (Fig. 9b) from
the basic values listed in Table 4 leads to a gradual
wash-out of the sludge from the reactor. As a result, the
reactor fails already during period II due to acidification
(data not shown).

Model application

The model developed allows additional information
about the UASB reactor under investigation to be de-
rived. As a first example, Fig. 10 presents the calculated
concentration profiles of total VSS and acetotrophic
methanogens (the most important bacteria in the sys-
tem) along the reactor height at the end of each exper-
imental period. Figure 10a clearly shows that the height
of the high-density sludge zone (sludge bed) varies sig-
nificantly under the various operational regimes applied.
Namely, this height significantly decreased during the
first two periods of operation due to increased sludge
wash out during this period (Fig. 4b). However, con-
tinuous improvement of the settling characteristics of
the remaining sludge (Fig. 1b) during periods III–V led
to a gradual increase in the sludge bed height followed
by a substantial elevation of VSS concentration in this
zone (Fig. 10a). Interestingly, at a low OLR of
1.91 g COD dm�3 day�1, there is a sharp distinction
between the sludge bed (high and constant solid con-
centration) and the sludge blanket (lower and gradually
decreasing solid concentration). This sharp distinction
disappears during subsequent increases in OLR
(Fig. 10a). Thus, due to the continuous description of
sludge dynamics along the reactor height, the dispersed
plug-flow model is able to predict the position as well as
the granular sludge concentration gradient at the
boundary between the sludge bed and sludge blanket
zones in a UASB reactor. To the best of our knowledge,
no previously reported model of UASB reactors pos-
sesses this ability without any arbitrary division of the
reactor volume into different zones with postulated
mixing regimes. It should also be noted that subsequent
increases in OLR led to a significant enrichment of the
sludge by acetotrophic methanogens (Fig. 10b), which
agrees with many other experimental observations [1, 12,
31]. However, the model also predicts that even a sludge
with a substantial enrichment of acetotrophic metha-
nogens (e.g. at the end of period V) cannot cope with a
heavy overloading of the reactor, as indicated by a
simulation where the OLR was doubled in comparison
with the OLR applied during period V (data not shown).
In the latter case, the reactor failed because VFA pro-
duction exceeded the assimilative methanogenic capacity
of the sludge.

As a second example of the potential of the dis-
persed plug flow model to obtain insight into UASB
operation, Fig. 11 presents the influence of the height/
diameter ratio of a UASB reactor on its performance.
A decrease in this ratio in comparison with the applied
experimental configuration (height/diameter ratio of 12;
Table 1) is seen to lead to better reactor performance,
especially during the first two periods (Fig. 11a) when
the settling characteristics of the sludge were poor.
Better reactor performance under lower reactor height/
diameter ratio can be explained by the lower surface
gas production rate (Eq. 20), resulting in lower values

Fig. 4a–c Sludge characteristics at the end of each OLR applied.
Model vs experimental data of Yan et al. [37]. a Total VSS in
reactor at the end of each period, b integral VSS wash-out during
each period, c SLR at the end of each period
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of the dispersion coefficient (Eq. 12), consequently
leading to less sludge wash-out (Fig. 11b). In contrast,
a higher reactor height/diameter ratio leads to in-
creased sludge washout during the first period of
operation (Fig. 11b), thus yielding a slightly poorer
treatment efficiency (Fig. 11a). However, after the ini-
tial elevated sludge washout in the taller reactor, this
trend deceased through periods II–V (Fig. 11b) because
of the good settling characteristics of the sludge
remaining in the reactor. Thus, start-up of tall reactors
requires primary attention to the settling characteristics
of the seed sludge to prevent excessive washout. This
recommendation conforms to existing practice relating
to tall reactor start-up [e.g. internal circulation (IC)
reactors up to 20 m high] with only granular sludge
with excellent settling characteristics. For less tall
reactors (UASB reactors of 2–3 m), the settling char-
acteristics of the seed sludge are less important because
the gas-induced dispersion of the solids is not as
intensive in these reactor configurations.

Interestingly, a small and broad reactor configuration
demonstrates a very narrow acidified zone at the bottom
of the reactor, especially under low OLR (Fig. 11c), in
comparison with the taller reactors. This is due to the
extremely low values of the dispersion coefficients
(23–29 dm2 day�1) generated in the reactor bottom,
resulting in an almost plug-flow regime in that section.
However, this difference disappears almost completely
when applying a high OLR (Fig. 11d) due to good mix-
ing conditions throughout the reactor volume in all the
configurations considered. In the latter case, large values
of dispersion coefficients (>2,000 dm2 day�1) are gen-
erated, even at the reactor bottom due to the high surface
gas production rates.

Conclusions

This paper presents a newly developed dispersed plug
flow model of UASB reactors (Eqs. 1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29), based on the combination of sludge
dynamics and bacterial metabolism. To our knowledge,
this is the first successful attempt in the creation of
models of a new generation that are able to simulate
complex space heterogeneous dynamics, not only of
solutes but also of the granular sludge (e.g. immanent
formation and development of sludge bed and blanket
zones, sludge wash-out) inside UASB reactors. The
second principal difference of the presented model with
previously proposed models of UASB reactors [3, 36] is
that it provides a universal description of both hydro-
dynamics and solids dynamics by continuous equations
throughout the reactor volume. The third prominent
feature of the dispersed plug flow model is that it relies
solely on internal mechanisms of the bioprocesses to
predict sludge washout from the reactor. This feature is
a distinct advantage over the approach used worldwide
to model anaerobic reactors with a fixed sludge retention
time. The latter was routinely transferred from activated
sludge reactor models but can no longer be considered
valid, at least for the description of high-rate anaerobic
reactors, because of the principal differences between
these treatment systems. The above-mentioned abilities
of the described dispersed plug flow model make this
type of mathematical model a powerful tool in the de-
sign and control of UASB reactors, as illustrated in
Figs. 10 and 11.

Despite its conceptual advantages over models pro-
posed thus far, the described model also used some

Fig. 5 Model vs experiment for
the pH profiles along the
reactor height after an
operating period of three HRTs
at an OLR (g
COD dm�3 day�1) of a 1.99, b
3.54, c 5.76, d 7.82. Data points
Experimental data of Yan et al.
[37], lines model

231



assumptions and empirical equations, which require
further fine-tuning. It should, nevertheless, be noted that
so far no alternative mathematical expressions are

available for the empirical relations adopted in the
present paper to describe the time dependency of the
average aggregate diameter and sludge density. Further

Fig. 6 Model vs experiment for
the COD profiles along the
reactor height after an
operating period of three HRTs
at an OLR (g
COD dm�3 day�1) of a 0.91,
b 1.99, c 3.54, d 5.76, e 7.82.
Data points Experimental data
of Yan et al. [38], lines model

Fig. 7a,b Sensitivity of the
dispersed plug flow model to
changes in seed sludge
characteristics. The relative
variation of the effluent COD at
day 15 (period of three HRTs)
was defined as the sensitivity:
variation in a initial quantity of
various bacteria XI involved in
the seed and b initial aggregate
diameter
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research to derive these relations is required to fine-tune
the developed mathematical model. The parameter sen-
sitivity analysis showed that the growth properties of
protein-degrading bacteria and acetotrophic methano-
gens (especially lm) as well as the sludge settleability
characteristics w1 and w2 are the parameters that influ-
ence a UASB reactor most. The kinetic properties of the
bacteria involved in anaerobic digestion have received
extensive attention in the literature (see, e.g. [29]). In

contrast, internal sludge dynamics in UASB reactors
have rarely been studied, which hampers further com-
prehensive validation, justification and development of
the dispersed plug flow model. Therefore, further eluci-
dation of the internal mechanisms of the functioning of
UASB reactors, which will allow the present model to be
upgraded, will require new comprehensive experimental
studies including both traditionally measured ‘‘black
box’’ characteristics (overall reactor performance, gas
production, etc.), supplemented with detailed docu-
mentation of the profiles of COD, VFA, VSS, specific
metabolic activity, aggregate diameter, and density
along the reactor height.
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Appendix 1: General form of material balances for the
components involved

Gas phase

The partial pressure pi of a gaseous substrate i in the gas
volume is calculated by a component balance around the
gas phase:

dpiðtÞ
dt
¼

ptot � Vm,i �
RH
0 Miðz; tÞ � CS � dz

� �
� pi � QtotðtÞ

VG

ð17Þ

Fig. 8a–d Sensitivity of the dispersed plug flow model to changes in
the bacterial parameters. The relative variation of the effluent COD
at day 15 was defined as the sensitivity: variation in a lm,j, b Ks,j, c
Yj, d p K1 for acetogens and methanogens

Fig. 9a,b Sensitivity analysis of the sludge settleability parameters.
Effect of a 20% increase and decrease in a [w1

. qag�qL], and b w2 on
the modelling results of the total VSS present in the reactor
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where:
Mi (z)=mass transfer rate of substrate i to the gas

phase from the compartment z:

Miðz; tÞ ¼ kLaðz; tÞ � S�i ðz; tÞ �
piðtÞ
Hei

� �
ð18Þ

ptot=total pressure in the reactor head space (ptot=Spi,
ptot was accepted to be equal to 1 atm).

A total balance gives the gas volumetric flow rate, Q,
from the reactor:

QtotðtÞ ¼
X

i

Vm,i

ZH

0

Miðz; tÞ � CSdz ð19Þ

A gas flow passing through a fixed cross-section CSz
equals:

Fig. 10 Model simulations of
the concentration profiles of a
total VSS and b acetotrophic
methanogens, X4, along the
reactor height at the end of each
OLR applied (figures on the
plots refer to the applied OLR,
expressed in
g COD dm�3 day�1)

Fig. 11 Model simulations
showing the impact of the
reactor height/diameter ratio
(figures on the plots) on a
effluent COD, b VSS wash-out
for the experimental period,
and c, d the pH profiles along
the reactor height after an
operating period of three HRTs
at an OLR of 0.91 (c) and 7.82
(d) g COD dm�3 day�1 . A
reactor height/diameter ratio of
12 corresponds to the size of the
UASB reactor used in the
experimental study of Yan et al.
[38]. Variation in the height/
diameter ratio maintained a
constant working volume of the
reactor
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qðz; tÞ ¼
X

i

Vm,i

Zz

0

Miðz; tÞ � dz ð20Þ

Liquid phase

A general material balance for soluble substrates can be
written on the basis of Eq. 1 as:

@

@t
Siðz; tÞ ¼

@

@z
Dðz; tÞ � @

@z
Siðz; tÞ

� �
� Wup �

@

@z
½Siðz; tÞ�

þ
X

j

�
ljðz; tÞ � Xjðz; tÞ=Yj þ bj �Xjðz; tÞ

� ð1� h �YjÞ
�
�Miðz; tÞ ð21Þ

Mi for non-gaseous substrates are equal to zero. Di

are accepted to be the same for all substrates and
determined by Eq. 12. The corresponding boundary
conditions are the following:

z ¼ 0 Wup � S0i ðtÞ ¼ Wup � Sið0; tÞ � Dð0; tÞ � dSið0; tÞ
dz

ð22Þ

z ¼ H
dSiðH ; tÞ

dz
¼ 0 ð23Þ

A general mass balance equation used to describe the
behaviour of each bacterial group j in the reactor is
presented in Eq. 24:

@

dt
Xjðz; tÞ ¼

@

dz
Dðz; tÞ � @

dz
Xjðz; tÞ

� �

� @

dz
½W ðz; tÞ � Xjðz; tÞ� þ ðljðz; tÞ � bjÞ

� Xjðz; tÞ ð24Þ

For simplicity, Dj and Wj are accepted to be the
same for all bacterial groups. Wj (for z< H) and Dj

were calculated from Eqs. 4 and 12, respectively.
To take into account wash-out of biomass, Wj in the
last compartment was accepted to be equal to Wup.
Thus, the boundary conditions can be presented as
follows:

z ¼ 0 W ð0Þ � Xið0; tÞ ¼ Dð0; tÞ � dXið0; tÞ
dz

ð25Þ

z ¼ H W ðHÞ � XiðH ; tÞ ¼ DðH ; tÞ � dXiðH ; tÞ
dz

ð26Þ

Since not all reactor VSS represents active biomass
[33], an additional equation for biologically inactive VSS
introduced with the seed sludge was incorporated in the
model. The corresponding mass balance equation and
boundary conditions are:

@

@t
VSSinact.ðz; tÞ ¼

@

@z
Dðz; tÞ � @

@z
VSSinact.ðz; tÞ

� �

� @

@z
W ðz; tÞ � VSSinact.ðz; tÞ½ �

� binact. � VSSinact.ðz; tÞ ð27Þ

z ¼ 0 W ð0Þ � VSSinact.ð0; tÞ ¼ Dð0; tÞ � dVSSinact.ð0; tÞ
dz

ð28Þ

z ¼ H

W ðH ; tÞ � VSSinact.ðH ; tÞ ¼ DðH ; tÞ � dVSSinact.ðH ; tÞ
dz

ð29Þ

The current version of the model neglects the con-
tribution of bacterial decay to the amount of biologically
inert VSS in the system. This assumption is justified by
the fact that the sensitivity of the model to the param-
eters bj is very low (see above).

Appendix 2 Model specification for the case of cheese
whey treatment

It is known that cheese whey consists mainly of proteins,
lactose and VFA [22], and thus these components were
chosen as influent substrates in our model. Using the
average protein formula C4H6ON [29] and the median
values of COD, TKN, NH4

+-N, NO3
�-N and VFA from

Table 1, the total influent COD can be decomposed into
its constituents as lactose:protein:VFA=0.5:0.46:0.04
(on a COD basis). Since only acetate and propionate
were detected as intermediates in the experiments of Yan
et al. [37, 38], the simplified reaction sequence by which
the cheese whey constituents are transformed by the
different groups of anaerobic bacteria in a UASB reactor
are presented below:

C12H22O11 þH2OX13CH3COOHþ 1:5C2H5COOH
þ 1:5CO2 þ 1:5H2

ð30Þ

C4H6ONþ 3H2OX2CH3COOHþ 0:5C2H5COOH
þ 0:5CO2 þH2 þNH3

ð31Þ

C2H5COOHþ 2H2OX3CH3COOHþ CO2 þ 3H2

ð32Þ

CH3COOHX4CH4 þ CO2 ð33Þ

4H2 þ CO2X5CH4 þ 2H2O ð34Þ

The following five trophic groups of microorganisms
are involved: group X1 contains all sacharolytic bacteria;
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X2, all proteolytic bacteria; X3, all propionate-degrading
bacteria; X4, all acetotrophic methanogens and X5, all
hydrogenotrophic methanogens. The stoichiometry of
their growth is given below (cell mass and inactive VSS
is represented by empirical formula C5H9O3N [25]):

C12H22O11 þ
12

5
NH3X1

12

5
C5H9O3N(X1)þ

19

5
H2O

ð35Þ

C4H6ONþ 7

5
H2OX2

4

5
C5H9O3N(X2)þ

1

2
H2 þ

1

5
NH3

ð36Þ

C2H5COOHþ 3

5
NH3X3

3

5
C5H9O3N(X3)þ

1

5
H2OþH2

ð37Þ

CH3COOHþ 2

5
NH3X4

2

5
C5H9O3N(X4)þ

4

5
H2O ð38Þ

H2 þ
5

10
CO2 þ

1

10
NH3X5

1

10
C5H9O3N(X5)þ

7

10
H2O

ð39Þ

To keep an accurate material balance in the system,
bacterial lysis as source of biodegradable organic matter
should be taken into account. This is especially impor-
tant for UASB reactors, which usually have very long
sludge retention times, up to more than 100 days. In the
model, this was done by the introduction of Eq. 40, i.e.
bacterial lysis resulted in the formation of soluble
‘‘protein’’ as the main product. The same reaction was
used for decomposition of inactive VSS:

C5H9O3N(X1 �X5; inactive VSS)

! C4H6ONþ CO2 þ
3

2
H2 ð40Þ
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